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ABSTRACT:  ^The  more  important  theories  and  concepts,  involved 
in  the  analysis  and  design  of  vessels  subjected  to  external 
pressure  are  reviewed  and  discussed.  Using  the  analysis' 'of 
one  investigator  as  a  foundation,  an- equation  is  formulated, 
which  is  subsequently  employed  in  the  construction  of  charts 
for  practical  design.  The  charts  will  yield  an  optimum  .djesl-gn 
with  a  safety  factor  of  unity  since  they  incorporate  a  para¬ 
meter  for  out-of-roundness,  a  fabrication  anomaly  heretofore 
accounted  for  by  the  application  of  factors  to  classical  per¬ 
fect-shell  theory.  Ranges  of  design  parameters  and  operating 
depths  that  will  find  primary  usage  In  the  field  of  underwater 
ordnance  are  covered.  A  typical  design  example  of  a  pressure 
hull  for  an  undersea'  weapon  is  presented  in  conclusion. 

'  '  ^  >A 


f 


U.  Si  NAVA &  ORDNANCE  LABORATORY 
WHITE  OAK,  MARYLAND 


NAVORD  Report  3900 


17  June  1955 


This  report  reviews  classical  pressure  vessel  theory  and 
employs'  it  as,  a  foundation  for  the  development  of  charts 
for  the  practical  design  of  underwater  ordnance  pressure 
hulls.  The  work  was  performed  under- Task  Number  N0L-NM- 
-1-55,  tir-,  Marvin  Burns,  formerly  with  the  Naval  Ordnance 
Laboratory,  aided  the  author  in  conducting  literature 
surveys  and  in  reviewing  prior  investigations.  The  opinions 
C/id  data  presented  herein  represent  the  conclusions  of  the 
Underwater  Ordnance  Department  of  the  U.  S.  Naval  Ordnance 
Laboratory 

.  JOHN  T.  HAYWARD 
Captain,  USN 
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THE  DESIGN  OP  VESSELS  FOR  UNDERWATER  ORDNANCE 


I.  INTRODUCTION 

1,  The  analysis  and  design  of  vessels  subjected  to  external 
•pressure  has  received  extensive  consideration  in  classical 
literature  since  the  latter  part  of  the  19th  century.  The 
path  pursued  by  the  majority  of  investigators  has  been  one 
based  on  the  exact  mathematical  methods  of  the  theory  of 
elasticity.  At.  a  logical  corollary  to  this,  mathematical 
perfection  of  form  of  a  vessel  is  always  assumed.  Factors 
whi c!h  may  considerably  influence  the  collapse  pressure  of 
a  vessel,  in  particular  out-of-rouhdness,  are  disregarded. 

As  a!  consequence,  the  practical  designer,  aware  that  perfec¬ 
tion  of  form  is  impossible  to  achieve  even  with  the  most 
precise  manufacturing  process,  will  invariably  abandon  the 
rigorous  path  in  favor  of'  a  short  cut.  The  latter  takes  the 
form  of  rule -of -thumb  formulas,  empiricism,  and  application 
of  a  "factor  of  safety".  The  result  is  a  design  which,  though 
always  adequate,  la  virtually  never  optimum. 

2.  This  approach  is  entirely  satisfactory  where  the  nature 
of  the  vessel  application  permits  or  warrants  the  inevitable 
overdesign  resulting  from  use  of  large  safety  factor*.  The 
•A.S.M.E.  Boiler  Code,  for/  example ,  recommends  a  factor  of 
four. 

J»—  ‘ 

3.  Operational  requirements?  of  modern  deep-running  underwater 
ordnance  (as  well  as  their  targets)  are  such,  however,  that 
overdesign  is  undesirable.  Particularly  in  Inatances  where  an 
i tom’s  tactical  use  requires  that  it  be  airborne*  a  minimum 
weight  investment  it  imperative.  It  follows,  then,  that  an 
optimum  vessel  design  for  ordnance  should  be  based  on  a  factor 
of  safety  of  unity  with  no  aacrifice  of  reliability.  To  achieve 
this*  expressions  or  "factors"  heretofore  ased  to  wed  classical 
perfect-shell  theory  to  practical  fabrication  must  be  diacarded' 
and  a  more  exacting  design  procedure  pursued. 

4.  It  ia  the  purpose  of  this  report  to  outline  and  present 

the  results  of  such  a  procedure,  with  particular  application 
to  a  shell  design  problem  encountered  at  the  U*  3.  Naval 
Ordnance  Laboratory  during  the  development  of  an  underwater 
weapon  requiring  groat  depth  of  operation.  The  results  are 
summarized  in  the  form  of  charts  which  cover  ranges  of 
geometrical  parameters  and  operating  depths  nwst  commonly 
applicable  to  similar  weapons  in  order  that  future  designs 
may  be  readily  carried  out.  In  addition,  classical  theory 
will  be  reviewed  and  a  bibliography  appended  to  facilitate 
further  pursuit  of  the  subject,'  "  ^ 
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TI.  ATI  A  F  Y3IS 

A.  ? cresses  in  Thin  Shells 


5.  The  discussion  is  limited  to  the  cas6  of  thin-walled  vessels 
wherein  the  outer  diameter  of  the  shell  is  large  in  comparison  to 
the  well  thickness.  The  uaual  requirement  is  that  the  thickness 
bA  les3  than  one  tenth  the  radius.  For  such  shells  under  pressure, 
whether  internal  or  external,  the  state  of  stress  in  the  wall  is 
triaxial  with  a  practically  uniform  distribution  throughout 

the  thickness  provided  that  no  abrupt  changes  in  thickness, 
slope,  or  curvature  exist.  At  any  point  there  is  a  hoop  stress 
acting  along  the  circumference,  a  meridional  stress  in  the 
longitudinal  direction,  and  a  radial  stress.  The  latter  is 
small  and  usually  neglected. 

6.  For  any  figure  of  revolution  the  hoop  stress  is  given  by 

S  =  PR  (2-R) 

H  Zt  (  r)  (4) 

and  the  meridional  stress  by 


(2) 


where  R  is  the  hoop  radius  of  curvature  and  r  the  meridional. 
The  waTl  thickness  is  t  and  the  pressure  TL  “’Internal  and 
external  pr/easure  -are-  aistinguished  by  assigning  the  proper 
sign  to  P  so  as  to  yield  tensile  stresses  for  the  case  of 
Internal  pressure  and  compressive  for  external. 


7.  For  a  cylinder,  where  the  meridional  radius  of  curvature  is 
infinite,  equation  (1)  reduces  to 


N 


(Is) 


indicating  that  for  thi*  figure  hoop  stress  is  twice  ae  large 
as  meridional  stress. 


Si  For  s  sphere,  where  hoop  ana  meridional  radii  are  equivalent, 
equation  (1)  reduces  to 


(lb) 
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indicating  that  for  this  figure  hoop  and  meridional  stresses  erf 
equal  in  magnitude. 

9.  Equativms  (1)  and  (9),  then,  define  one  method  of  failuie  i 
pressure  vessels,  namely  yielding.  The  destructive  pressure  is 
seen  to  be  a  function  only  of  the  mechanical  strength  of  the~ 
material  and  the  thickness  to  diameter  ratio  of  the  shell,  -re 
equations  apply  equally  to  oases  concerning  internal  or  external 
pressure,  in  the  former  failure  being  a  result  of  bursting  and 
in  the  latter  of  crushing. 


10.  It  is  here,  however,  that  any  similarity  between  the  two 
types  of  loading  conditions  terminates.  «Vhereas  for  internal 
pressure  a  single  stress  equation  may  completely  define  a  vesse. 
design,  for  external  pressure  failure  is  gonerally  not  predict¬ 
able  by  a  single  formula. 

D.  Elastic  Instability  of  Thin  Cylindrical  Shells 

:  11.  A  majority  of  ordnance  applications  involve  shells  of 

cylindrical  geometry  and  it  will  be  seen  that  this  is  the  most 
critical  case.  For  a  given  major  diameter  and  wall  thickness 
a  vessel  of  double  curvature  is  sturdier.  One  evidence  of  this 
is  apparent  from  the  previous  section  where,  for  the  limiting 
case  of  a  sphere,  hoop  stress  was  found  to  be  half  that  for  a 
cylinder  under  equivalent  loading. 

12.  Vessels  under  external  pressure  are  analogous  in  behavior 
to  columns. 

13.  One  example  of  thi3  analogy  can  be  found  in  the  vessel 
of  proper  geometry,  i.e.,  short  and  relatively  thick-walled, 
which  fails  by  crushing  when  the  stress  as  defined  by  equation 
(la)  exceeds  the  compressive  yield  strength  of  the  material. 

This  is  akin  to  the  short  stocky  column  under  end  compressive 
forces.  It  undergoes  a  reduction  in  length  parallel  to  the 
line  of  force  application; and  stresses,  uniform  across  any 
section,  are  found  simply"  by  dividing  load  by  cross-sectional  area. 

14.  It  will  be  noted  that  in  the  above  paragraph  an  adjective 
pertaining  to  vessel  geometry  has  been  introduced  which  was  not 
previously  mentioned,  the  term  "short".  For  external  pressure 
applications,  the  length  to  diameter  ratio  of  a  vessel  is 
equally  as  important  as  its  thickness  to  diameter  ratio,, 

15.  For  vessels  having  closely  spaced  bulkheads  or  stiffening 
rings  collapse  is  governed  by  the  stress  equations  of  the 

**  previous  section  Yfhich  are  independent  of  L/d.  As  the  distance 
between  end  closures  is  increased,  the  analogy  approaches  that 
of  the  long,  slender  column  snd  length  becomes  an  important 

;  parameter.  As  supports  are  furt’  er  and  further  removed  a  point 
is  reached  where  they  exert  no  appreciable  influence  on  the 
central  portion  of  the  shell  and,  once  a-ain,  collapse  Is 
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independent  of  ^/D,  Vessels  of  his  type  are  more  truly 
termed  pipes  or  tubes  and  the  minimum  lenrth  of  vessel 
for  consideration  as  auch  is  desi^Tiated  as  the  "critical 
length".  Tills  quantity  has  been  variously  defined  by  almost 
*.very  investigator  and  may  be  of  the  order  of  6  to  8  diameters 
;n  length.  Since  underwater  ordnance  applications  with  auch 
high  L/p  ratios  are  uncommon,  pipes  will  rot  be  considered  herein, 

16.  Attention,  nov .  -sdll  be  confined  to  the  vessel  category 
where  length  is  a  determinative  quantity,  as  it  is  in  the  slender 
column, 

17,  The  latter,  when  subjected  to  end  compressive  loads, 
suffers  a  reduction  in  2.enguh  through  lateral  bonding  and/or 
twisting  rather  than  axial  compression.  Continued  application 
of  load  results  in  progressively  increasing  deflections  which 

in  turn  increase  the  bending  moment  arm  a:.d  thus  further  increase 
deflection,  etc.,  until  the  entire  train  of  events  is  climaxed 
by  s\idd9n  and  dramatic  collapse  of  the  structure.  Failure  is  a 
result  of  buckling  or  elastic  instability  and  occurs  at  stress 
levels  lower  than  those  corresponding  to  the  yield  strength  of 
the  material.  The  minimum  value  of  load  that  makes  the  structure 
unstable  is  called  the  critical  load  and  is  predictable  from 
oolumn  formulas  auch  as  the  well  known  Euler  equation.  It  Is 
a  function  only  of  the  column’s  geometry  and  the  alas tic  modulus 
of  the  material. 

18,  The  behavior  of  vessels  under  uniform  external  pressure  ie 
entirely  similar.  Failure  may  occur  due  to  instability  of  the 
shell  at  stress  values,  us  computed  from  the  hoop  stress 
equation,  which  are  low.  The  unsupported  length  of  shell  is 
significant  not  only  in  establishing  the  nature  of  failure 
(yielding  or  buckling),  and  the  magnitude  of  the  critical 
pressure,  but  also  in  determining  the  pattern  of  the  characteristic 
buckles  or  lobes  which  form  around  the  circumference  at  collapse. 
The  number  of  these  bulges  ie.  a  function  of  the  rigidity  of 

the  shell  and  the  ener gy  available  for  deformation,  the  minimum 
number  consistent  with  the  existing  energy  level  always  being 
formed.  The  least  rigid  shell,  i,e.,  the  long  pipe  or  tube, 
for  instance,  is  merely  squeezed  fiat  at  mid-span.  This 
constitutes  a  two-lobe  collapse.  As  the  unsupported  length 
is  decreased,  shell  rigidity  is  increasingly  obtained,  and, 
obviously,  the  energy  requirements  for  deformation  increase. 

The  consequence  of  this  is  that  buckle  frequency  increases,  but 
amplitude  decreases,  for  it  takes  leas  energy  to  form  rainy  small 
bulges  than  to  squeeze  a  shell  flat. 

a 

19.  The  analogy  between  columns  and  shells  is  apparently  two¬ 
fold,  for  not  only  may  airailes  be  drawn  as  to  their  behavior,  but 
apparently  there  exist  Just  as  many  equations  defining  shell 
instability  as  there  are  column  formulas.  The  present  text 
•hall  be  limited  to  tfcooe  of  chief  interest  in  the  dssign  of 
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underwater  ordnance,  i.e.,  those  which  include  the  effect  of 
both  radially  and  axially  applied  uniform  pressure, 

20.  One  of  the  earliest  and  possibly  best  analyses  of  shell 
instability  which  considers  all  the  significant  parameters  is 
that  of  von  Mi3es  (l)*-: 


Cr 


5  [["*T(ic)]  - 

2e(|) 


It 

lv“' 


(£)’ 


(3) 


where  2  ^  =  jj  +  (  1 f]  [  2  +  (  l"v»)  ?~\  2 

2  =  (  1  '£«)  [ 1 +0  +  ’2 -*)  P"  (  •  +  ^  ^  ^ 


and 


P  s  n2(lk\2+l 

'  ttD  1 


Pcr  s  critical  (collapse)  pressure 
( 

y<  s  Poisson’s  ratio 
E  s  modulus  of  elasticity 
n  *  number  of  lobes  in  buckled  pattern 
L  *  unsupported  length  of  shell 

D  x  mean  diameter  of  shell  (taken  as  outer  diameter 
for  thin  shells  with  negligible  error) 

t  *  thickness  of  shell  material 

21.  The  von  Mites  formula  has  been  adapted  and  simplified 
in  one  form  or  another  by  many  subsequent  analysts.  The 
most  noteworthy  of  these  is  the  contribution  of  Windenburg 
and  Trilling  (2)  at  the  U.  S.  Experimental  Model  Basin. 

Their  approximation  is  independent  of  the  number  of  lobes  and 
it  is  claimed  by  the  authors  that  it  checks  the  von  Mises 
equation  very  closely,  the  average  deviation  being  about  one  percent, 


♦Humbers  in  parentheses  correspond  to  references  listed 
in  bibliography. 
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?cr 


( i 


(4) 


22.  Sturm  (3)  (4)  in  an  extensive  work  bastd  on  shell  theory 
proposed  by  Donnell  (5)  developed  a  relationship  of  very 
simple  form  for  collapse  pressure: 


pcr  “  K  E  ^t/oj  ^  (5) 

where  K  is  a  coefficient  dependent  on  L/D;  t/D;  n;  and  the 
end  conditions  of  the  vessel. 

23.  As  previously  noted,  the  number  of  lobes  appearing  at 
collapse  is  explicitly  related  to  vessel  geometry  and  must  be 
the  minimum  integer  for  each  casei  inis  plus  the  fact  that  r. 
is  therefore  an  implicit  function  of  K,  has  made  it  possible  ~ 
for  Sturm  to  prepare  charts  unique  in  that  they  present  the 
variation  of  four  quantities  on  a  single  coordinate,  system. 

;Por  any  vessel  L/D  and  t/D  the  values,  of  K  and  n  may  be  readily 
determined.  It  is  then  a  simple  matter  to?  determine  the  collapse 
pressure  from  equation  (5).  The  charts  cover  all  possible 
loading  conditions.  These  include  vessels  with  fixed  or  simply 
supported  ends  for  pressure  applied  either  axially,  radially, 

or  in  both  directions. 

24.  The  A.S.M.E.  Boiler  Code  (6)  recommends  the  following 
conservative  formulas: 

P°?  '  1.27  0-X)  (d)  f°r  D  <  °'0Z3  (6) 


Per  •  Z-34  -  V04,  S,(f)  fc-i  >  0.023  s(7) 


where  Sy  is  material  yield  strength  and  other  terms  as 
previously  defined, 

25.  It  will  be  noted  that  as  thickness  is  increased  beyond 
a  certain  value,  and  consequently  there  is  a  gain  in  shell 
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rigidity,  there  is  greater  tendency  for  failure  to  occur  by 
yielding.  This  is  evidenced  by  the  introduction  of  the  yield 
strength. 

26.  The  preceding  outlines  some  of  the  major  contributions  in 
the  field  of  analysis  and  design  of  thin  cylindrical  shells  -under 
external  pressure.  Many  more  original  works  and  extensions 
of  previous  investigations  may  be  found  in  the  literature.  The 
appended  bibliography  is  offered  as  a  guide. 


C.  Elastic  Instability  of  Thin 
Shells  of  Double  Curvature 


27,  Spherical  shells  may  also  suffer  an  instability  collapse 
and  a  number  of  formulas  for  the  prediction  of  their  critical 
pressure  exist.  “Rie  two  most  commonly  employed  are  those  of 
Timoshenko  (7): 


(S) 


And  Tsien  (8): 


P 


cr 


a£  / 1^ 
3 V5 (.->*.*)  \  VJ 


(9) 


These  may  be  used  to  check  the  stability  of  hemispherical 
bulkheads  frequently  used  as  end  closures  on  pressure  vessels. 


28.  Shells  other  than  those  of  cylindrical  or  spherical 
geometry  have  escaped  the  Wealth  of  attention  directed  toward 
the  latter  two.  No  proven  formula  for  the  critical  pressure 
of  odd-shaped  vessels  of  double -curvature  is  known  to  exist. 

29*  It  is  usually  chr  case  in  practical  applications  that  a 
double-curvature  section  Is  joined  to  a  cylindrical  one  and 
that  manufacturing  expediency  dictates  that  the  two  shall  be 
of  equal  wall  thickness.  FPt*  this  condition,  it  has  already 
been  pointed  out  that  stress  ;ise  the  vessel  having  double¬ 
curvature  is  superior  in  strength  to  the  cylindrical  one. 

The  hoop  stress  equations  previously  cited  show  that  a  factor 
indicative  of  increased  strength  will  vary  as  does  the  meridional 
radius 'of  curvature,  reaching  a  maximum  value  of  two  for  a 
nphere. 
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?r'  *  Mmilarly,  it-  c  an  v'p  show  that  stahj  lity-wi  se  fc^e  shell 
of  tvuhl p-corvature  is  more  rl^id  t^an  a  cylinder.  Comna H son 
may  he  made  vith  the  least  rl ^id  cylindrical  vessel  (the 
Infinitely  Imp  pipe)  whose  equation  for  cr5tJcal  pressure 
is  i.’5)  ari  (30): 


P-r 


2  £ 
1-^ 


(10) 


31,  It  may  be  seen  from  examination  of  equations  (8)  and  (10) 
that  the  spherical  vessel  has  a  critical  pressure  greater 
than  that  of  a  pipe  by  a  factor  of  2.2  (£). 

t 

3°.  It  is  thus  evident  that  application  of  double -curvature 
to  a  design  based  on  a  simple  cylinder  will  provide  an  increase 
in  collapse  pressure  from  both  the  standpoints  of  yielding 
and  instability. 


D.  Limitations  in  the  Application 
of  Perfect  Shell  Theory 

33,  Thus  far  it  has  been  presumed  that  the  perfect  shall 
has  been  complemented  by  the  perfect  material  and  that  vessel 
collapse  occurs  by  either  of  two  distinct  modes  of  failure? 
yielding  or  elastic  Instability.  However,  failure  may  also 
occur  as  a  combination  of  both  plastic  flow  and  instability, 

34,  t’/hen  a  material  Is  stressed  beyond  its  elastic  limit  its 
usefulness  as  a  load-carrier  is  by  no  means  at  an  end,  yet, 
at  this  point,  it  no  longer  follows  Hooke’s  law,,  The 
proportionality  between  stress  and  strain  is  no  longer  the 
constant  Yourgs  modulus  which  has  appeared  In  a31  the  stability 
equations*  The  reduction  in  value  of  the  elastic  modulus 
progresses  as  the  plastic  region  Is  increasingly  penetrated. 

35,  The  existing  expressions  for  collapsing  pressure  may, 
however,  be  applied  to  shells  stressed  beyond  the  elastic 
limit  if  a  suitable  "effective  modulus"  Is  substituted  for 
Young’s  modulus. 

36,  3turm  (3)  ha3  proposed  three  values  for  an  effective  modulus, 
each  app1 Icable  to  a  particular  stress  level.  His  three  cases* 
are:  (1)  the  average  stress  is  between  the  elastic  limit-  and 

the  yield  sfcreng'h,  (°)  the  average  stress  is  ’oetv/een  the  yisld 
strength  and  the  ultimate  strength,  and  (3)  the  average  stress 
is  below  the  elastic  limit  hut  because  of  ecct, '.tr  I  cities,  the 
maximum  stress  In  the  shell  exceeds  it. 
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37.  Sturm's  third  case  is  considered  most  applicable  to 
designs  whore  the  maximum  stress  developed  in  the  shell  will 
bo  limited  to  the  yield  strength  of  the  material.  The  equation 
for  reduced  modulus,  E^,  under  these  conditions  is: 


E 


i 


(ID 


where  Srp  is  the  maximum  stress  in  the  shell,  Se  and  Su  the 
elastic  limit  and  ultimate  strength  of  the  material  respectively, 
and  the  remaining  terma  as  previously  defined. 

38.  The  major  limitation  of  perfect  shell  theory  stems  from 
the  fact  that  the  perfect  shell  is  virtually  nonexistent. 

It  has  been  observed  repeatedly  that  teat  results,  even  on 
ostensibly  ideritioal  vessels  under  equivalent  conditions,  are 
rarely  duplicated  and  show  considerable  departure  from  perfect 
shell  theory. 

39.  Lack  of  perfection  in  a  shell  may  be  due  to  any  of  numerous 
fabrication  irregularities  such  as  surfaee  discontinuities, 
nonhomogenelty  and  aniaotropism  of  material,  and  out-of -roundness. 

40.  In  a  stress  analysis  it  is  possible  to  accurately  account 
for  many  factors  which  cause  departure  from  the  perfect  structure. 
A  stability  calculation,  on  the  other  hand,  since  it  does  not 
represent  the  physical  process  actually  taking  place,  makes 
inclusion  of  all  irregular  influences  an  Impossibility.  Thus, 
perfect  shell  theory  substitutes  for  the  actual  conditions  a 
greatly  idealised  limiting  case  and  the  uncertainty  of  the 
process  is  reckoned  with  through  the  application  of  a  "safety 
factor". 

41.  Tha  term  "safety  factor"  when  applied  to  a  stability 
calculation  is  in  reality  a  misnomer,  for.,  to  the  machine  * 
designer,  it  is  truly  defined  as  the  ratio  of  the  strength 

of  a  material  to  the  maximum  calculated  stress.  It  is  obvious 
that  when  any  of  the  perfect  shell  theories  are  applied  no  such 
concept  enters  the  mind  of  the  vessel  designer.  The  factor 
he  employs ^to  transform  theory  into  hardware  is  more  aptly 
termed  an  "ignorance  factor", 

42.  In  machine  design  the  use  of  a  safety  factor  is  standard 
practice  and  is  based  not  only  on  manufacturing  anomalies  but 

on  cost  of  replacement  and  possible  damage  to  lives  and  nroperty 
in  the  event  of  failure, 

43.  In  underwater  ordnance  design,  where  operation  is  usually 
a  one-time  proposition,  coat  of  replacement  is  no  fsotor. 
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Damage  is  the  ultimate  goal,  and  the  safety  of  personnel,  at 
l^ast  from  the  standpoint  of  merely  the  pressure  vessel,  does 
rot  enter  the  picture.  Personnel,  that  is,  personnel  whose 
"safety"  it  is  desirable  to  perpetuate,  t\re  not  supposed  to 
be  present  when  the  structure  is  in  its  intended  environment 
of  criticality  —great  depths  of  sea  water.  Minimum  weight 
investment  i3  invariably  of  cardinal  importance  and  this  decrees 
that  use  of  factors,  whatever  they  be  called,  be  kept  to  a  minimum, 

44,  The  most  commonly  encountered  imperfection  in  pressure 
vessels,  one  which  has  marked  effect  on  lowering  their  strength, 
is  eccentricity,  or  out-of-roundness,  It  is  the  initial 
deviation  of  a  circular  cross-section  of  the  structure  from  the 
ideal  geometrical  shape. 

45.  Out-of-roundness  will  occur  even  with  the  most  precise 
manufacturing  techniques.  It  must  be  "lived  with"  after 
fruition  of  a  design,  hence  it  is  proper  that  it  be  accounted 
for  during  its  conception.  If  this  is  done,  and  a  rigid 
inspection  for  material  flaws  and  fabrication  irregularities 
is  carried  out,  the  ultimate  product  will  be  the  optimum. 


E.  The  Out -of -Round  Shell 

46.  Two  of  the  few  contributions  on  the  subject  of  eccentric 
vessels  are  those  of  Stur.ra  (3)  and  Holt  (11). 

47*  The  latter  is  actually  based  on  the  work  of  the  former  and 
i3  primarily  Intended  for  modification  of  the  A.S.M.E.  Boiler 
Code.  This  ha3  allowed  Holt  to  incorporate  in  his  analysis  a 
factor  proposed  by  the  Boiler  Code  which  limits  vessel  out-of- 
roundness  to  that  value  which  reduces  critical  pressure  to 
80  percent  of  that  of  the  corresponding  perfect  shell.  Ensuing 
manipulations  result  in  development  of  a  parameter,  £,  which 
is  ostensibly  only  a  function  of  vessel  geometry  and  universally 
applicable  to  all  materials.  This  is  finally  used  in  an 
expression  relating  out-of-roundness  to  vessel  geometry, 
operating  pressure,  and  material  strength: 


AO  _  ic  /3S  1—  I  ) 
P  D 


•  -.•#  p 


where  ia  the  maximum  deviation  of  the  radius  from  that 
of  a  true  circle,  P  is  the  design  pressure,  S  the  design 
stress,  Q  a  parameter  which  a  function  only  of  L/D,  and  tho 
other  terms  as  previously  defined. 


10 


MAYOR  1>  Report  3900 


40.  It  will  be  noted  that  the  material  property  of  de  torminat  ire 
Inf  luence  In  atari  lity  calculations,  tne  elasfcio  modulus,  is 
absent.  In  reality,  its  influence  is  concealed  in  the 
"universal*1  parameter  £. 

49.  Consider  the  hypothetical  example  whorein  two  vessels, 
identical  in  geometry  (including  out-of-roundneas )  and  made 
of  materials  identical  in  mechanical  strength  but  having 
different  elastic  moduli,  are  investigated  for  collapsing 
pressure.  It  will  be  found  that  results  from  the  original 

Sturm  equation  vastly  differ  from  those  obtained  from  equation  ^12). 
Obviously,  for  a  fixed  geometry  and  material  strength  the 
latter  will  yield  equivalent  collapse  pressures  whether  the 
vessel  has  the  high  elastic  modulus  of  ateel  or  the  low  one  of 
aluminum. 

50.  It  may  be  concluded,  then,  that  Holt’s  work  la  limited  in 
scope  to  finding  the  singular  value  of  out-of-rcundneas  for  a 
vessel  which  will  reduce  its  critical  pressure  to  80  peroent 

of  that  for  a  perfect  shell.  Any  attempt  to  apply  it  to  calculate 
collapse  pressures  for  arbitrary  values  of  out-of-roundness 
will  prove  meaningless. 


51.  The  original  equation  for  out-of-round  vessels  from 
Sturm  (3)  is: 


P‘ 

cr 


7TR^\  (  t  \  3 
L7- 


1+  4  AR 


fl 
iE 
1  . 


E  (  n*1-  { 


+X. 


-  P'cr)  J 


(  I  *v*  2 )  (  Per 


(13) 


whore  P’q-k.  i*  the  collapse  pressure  for  the  out-of-round  sholl, 
Pcr  the  collapse  pressure  for  the  corresponding  perfect  shell, 

S  che  stress  level  existing  at  collapse,  and  the  other  terms 
as  previously  defined. 


52*  It  will  be  modified  slightly  to  improve  its  man Ipulatabiltty 
and  applicability  to  underwater  ordnance  design,  and  then  used 
as  a  foundation  for  the  construction  of  vessel  design  charts. 

It  is  apparent  from  examination  of  the  equation  that  to  arriva 
at  solutions  for  P*  or  VD  directly  would  involve  tedious 
trial  and  error.  cr 


53*  Before  proceeding,  however,  it  would  be  well  to  return  to 
column  analogy  for  the  equation  of  Stura  bear#  what  is  perhaps  th* 
most  vivid  of  all  similarities  to  s  column  forrsils. 
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I.  It  my  to  compared  to  the  secant  formula  Tor  eccentrically 
eolunns: 


Fcr  * 


zy>  ’/  '-  aE 


(14) 


•.ere  Fcr  is  tne  critical  value  of  axially  applied  force,  a 
i-j  cross-sectional  area,  c  the  distance  to  the  ventral  axis, 
the  length  of  column,  p  "the  radius  of  gyration  of  the  cross- 
action  about  the  ventral  axis,  e  the  eccentricity,  and  the 
sm&ining  terms  as  previously  deTined. 

h.  The  similarity  between  equations  (13)  and  (14)  is  readily 
pparent.  The  critical  load  appears  in  both  the  left  and  right 
and  sides  making  trial  and  error  or  graphical  means  the  most 
‘feasible  approach  for  solution.  For  the  perfect  column,  e  =  0, 
equation  (14)  his  two  solutions  corresponding  to  the  two  modes 
>f  failure  possible:  Fcr  =  aS  (direct  compression),  and 

secant  y  - ^c^aE~^°  wilic^  reduces  to  Euler’s  equation  for 

I  "  _ 2VT>  /  _ 


secant  ~~  \j  ? - °°  which  reduces  to  Euler’s  equation  for 

h  perfect  column:  Fpr  =  TTa//(L//5)2  (instability).  For  the 

perfect  shell. A R  =  0,  equation  (13)  also  has  two  solutions: 

P’cr  -  2S(t/D)  (hoop  compression) ,  and  P’cr  *  pcr  (critical 
(pressure  for  instability  of  perfect  shell). 

i  . 

56.  The  effect  of  eccentricity  in  a  shell  is,  as  in  a  column, 
to  introduce  bending  in  addition  to  direct  stress.  The  maxima 
stress  is  therefore  the  sum  of  the  twc.  Sturm  gives  as  the 
maximum  direct  stress  the  hoop  stress  Sj{,  as  defined  by  equation 
(la),  and  as,  the  maximum  binding  stress  resulting  from  :&n. 
initial  out-of-roundness AR: 


E  t  P  c  r  AR 

-X)  Pcr-P'v 


n1-  1 


+/L 


Si) 
^ ) 


(15) 


57.  Equation  (15)  is  based  on  the  flexure  formula  which  assumes 
that  stress  varies  directly  with  distance  from  the  neutral  axis 
and  is  not  valid  past  the  elastic  limit.  For  ductile  materials 
failure  occurs  in  the  plastic  range  and  the  actual  stress  in  a 
beam  is  not  that  defined  by  S  =  Uc/I  but  some  lower  valuer  It 
follows  chat  greater  ultimate  and  yield  strengths  may  be  developed 
in  flexure  than  in  simple  stress.  Beyond  the  elastic  limit  the 
flexure  formula  may  be  considered  an  empirical  relationship  used 
to  define  the  naXisus  bending  strength,  or  so-called  modulus  of 
rupture,  of  a  beam.  The  modulus  of  rupture  has  been  suggested 
to  be  1.5  times  greater  than  the  yield  strength  for  ductile 
materials  (12). 
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52.  Prop,  the  preceding  it  ronv  ernc1  -Ud  t'n^  ’■->•  'Vnr'- 
bendlrg  Htr^ss  as  defined  by  "b  rm  sir  /  th**  fl#*»  :r*  for-ulu 
too  t y  a  factor  of  i . 5  or  t*at 


3'B>  |*b, 


1 2  r<» 


where 


is  the  true,  bending  stress  dne  to  c^pl! cat Jo’ 


maximum  ragmen  t-..  and  Sa  is  defined  by  equation  (15), 


59.  It  may  be  pointed  out  tb*t  Holt  (11)  applies  a  ►•/»rc*- 1 
apparent  strength  Increase  factor  to  total  stress  (sum  of  ~ 
and  S3),  This-  ia  proximately  equivalent  to  th«  «npll cat! ~‘n 
of  the  1,5  factor  to  only  the  bending  component  for  the  corAt'- 
eljual  stress  levels  in  both  bending  and  direct  stress.  It  Is  ?■* 
however,  that  the  latter  procedure  is  more  correct  -i  nee  a^par«- 
lncre'ases  in  strength  aie  limited  to  flexural  loading. 

60.  If  the  sum  of  the  hoop  stress *, 'equatl on  (la),  end  the  bend! 

stress.,  equation  (15a)  ,  is  assigned  as  a  maximum  value  f,h*  ylel ■* 
strength  of  the  material  (presuming  this  to  be  t'^e  limit  of  Its 
usefulness),  then  an  expression  defining  the  critical  pressure 
for  an  cut-of-round  vessel  is  obtained  t^at  la  s'railar  to  that 
of  Stvirn;  ,+  . 

2Sy(£) 


(  I  -^l)  (  -  P'cr) 


(16) 


61.  The  difference  between  equations  (1?)  and  (1«)  lies  In  a 
factor  of  2/3  appearing  in  the  denominator  of  tve  rlghbhand  side 
as  a  result  of  the  increased  flexural  strength,  and  In  use  of 
the  dimensionless  ratio  £R/D  rather  thanfJl/fc,  TMa  v8s  been 
adopted  since  In  most  desirh  oroblems  wall  thickness  la  the 
unkrtown  quantity  to  be  solved  for,  and  a  nominal  outer  diameter 
la  usually  specified. 

62,  Equation  (16)  may  be  modified  to  facilitate  '•ompufcetion  as 
follows: 


j>  .  aj^~ 


j  +  ±  1  n  V 

4(|)^  Jb) 


tvn 
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ar-fi  =  2  ^/D  (18) 

fy  5  a  the  prejsure  at  which  hoop  stress  equals  tho  yield 
strength  of  the  material.  Substituting  equations  (17)  and 
(1^)  in  equation  (16)  and  solv^.g  for  £&/& l 


~  Per)  (  Per  -  PcrJ  /lriX 

D  JT T  Per 

63.  Presentation  of  equation  (16)  in  the  form  of  equation 
(19)  makes  tho  result  o'*  reducing  eccentricity  to  zero 
immediately  apparent.  The  two  solutions  corresponding  to 
the  two  modes  of  failure  of  perfect  sheila  arei 

P’  „  =  (hoop  compress!  n),  and  P’  _  ■  P._  (instability  collapses., 
cr  j  cr  cr 

64.  For  the  materials  '.ommonly  used  in  pressure  vessel  fabrica¬ 
tion  Poisson’s  ratio  may  be  assigned  the  constant  value  0,3.  The 
quantity  /,  therefore,  is  a  function  only  of  t/D  and  L/D  ai  nee 

n,  it  will  be  recalled,  is  a  function  of  the  same  parameters. 

7  is  defined  by  Sturm’s  equation  for  the  perfect  shell,  equation 

(5j: 

65.  Veaaels  used  as  pressure  hulls  for  underwater  ordnance  are 
subjectod  to  axial  and  radial  loading  and  the  worst  cast  for  end 
conditions  is  that  of  simple  support.  The  appropriate  chart  from 
Stum  for  these  conditions,  reproduced  herein  as  Figure  1,  may  be 
used  to  define  K  and  n  for  specified  values  of  t/D  and  L/D.  Theaa 
in  turn,  with  equations  (5)  and  (17),  are  employed  to  prepare 
charts  showing  the  variation  of  P  Vg  and  jf  with  t/D  and  L/D,  as 
are  shown  in  Figures  2  and  Z  respectively. 

66.  For  a  vessel  of  known  proportions  and  of  known  material 
(E  and  5  defined).  Figures  1,  2,  and  5  and  equations  (IB)  end 
(IS)  mejrbe  utilized  to  arrive  at  many  quantities  of  Interest. 

Tho  critical  pressure  for  instability  failure  of  the ■-•p?rfeet 
shell,  the  pressure  required  for  failure  in  dlreet  stress,  the 
maximum  allowable  out-of-roundj>e»«  for  any  operating  praseure, 
wiid  the  number  of  lobes  to  be  expected  at  collapse  are  all 
readily  deduced.  In  addition,  equation  (19),  when  used  In 
conjunction  with  Figures  2  and  3,  lends  itself  to  sore  pres tl sable 
computation  by  trial  and  error  of  the  critical  pressure  for  a 
vessel  of  apecifled  out-of-roundness. 

67.  Out-of-roundneaa  of  a  pressure  vessel  ia  significant  net 
only  in  magnitude  but  in  orientation  as  wexx.  It  will  be  rweeiled 
that  the  buckled  pattern  of  a  shell  at  collapse  la  predetermined 
by  Its  proportions.  Any  Initial  embryonic  lobular  formations 
corresponding  to  the  inherent  collapse  pattern  will  have  Maxims 
effect  In  precipitating  early  failure.  Observed  initial  dawlaiiona 
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from  the  round  to  be  applied  in  equation  (19)  should  therefore 
be  limited  to  the  worst  reading  over  a  specific  are  or  c-.ord 
length  that  corresponds  to  the  natural  collapse  pattern. ^  ”olt 
(11 )  presents  a  chart  for  determination  of  tMs  arc  or  chord 
length  as  a  function  of  t/D  and  L/D.  It  is  reproduced  in  the 
present  report  as  Figure  4, 

F.  Reinforcing  Rings 

68.  For  vessels  shorter  chan  the  critical  length,  the  parameter 
L/D  enters  into  stability  equations.  The  term  L  is  defined  as 
the  length  of  shell  oe tween  transverse  or  circumferential  supports. 
These  supports  may  take  the  form  of  either  stiffening  r-ngs  or  t’-e 
actual,  end  closure  or  bulkhead.  Their  function  is  to  preserve  the 
circular  form  of  the  hull  so  that  shell  failure  will  not  occur 
prematurely,  and  they  must  therefore  possess  adequate  rigidity. 

»Vhen  a  bulkhead  is  used,  reinforcement  is  automatic  arid  the  sectior 
will  invariably  be  more  rigid  than  required.  When  a  ring  or  flange 
is  used  ps  a  support,  its  required  moment  of  inertia  must  be 
determined. 


69.  Christensen  (13)  presents  the  following  formula  defining 
the  required  moment  of  inertia  of  a  stiffening  ring  in  terms  of 
shell  geometry  and  operating  pressure: 


Ir  «  t-D' 


0-^) 


24- 


III.  CHARTS  FOR  DESIGN 


(?*>) 


70.  In  section  (e)  of  the  Analysis  the  various  quantities  that 
could  be  readily  deduced  for  a  known  shell  using  Figures  1, 
ar,d  3  and  equation*  (18)  and  (19)  were  enumerated.  When  the 
situation  ia  reveraedj  i.e some  function  of  the  geometry  of  a 
shell  of  specified  out-oC-roundiaess  if  desired,  it  is  apparent 
that  a  calculation  involving  successive  trials  must  be  resorted 
to.  For  example.  If  t/D  were  the  unknown  for  all  other  quantities 
kriown,  successive  estimates  of  t/D  would  define  successive  values 
ox*  Pcr,  p*  »nd  P_  to  be  tested  in  equation  (19)  until  ultimately 
the  one  value  of^t/D  that  satisfies  the  equation  is  found. 

71.  To  circumvent  this,  charts  have  been  prepared  that  sre 
primarily  intended  for  th#  designer  of  hulls  for  underwater 
ordnance . 
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7''.  Itnce  required  depth  of  ope  ret  ion  1 3  usually  specified 
fr,r  Hn  sndersea  weapon,  the  charts  <*ho.v  pressure  in  terms  of 
feet  of  ser.  water.  A  death  range  of  500  to  5000  feet  5s  covered 
in  intervals  of  500  feet.  At  each  depth  the  variation  of  t/D 
wit*  i.B /P  is  indicated  for  the  specific  values  of  L/D  that  have 
found  most  common  usage  in  this  type  of  application. 

75.  Two  materials  finding  most  common  acceptance  in  the  fabrica¬ 
tion  of  vessels  for  underwater  operation  are  the  SAE  4  —  -  series 
of  nteels  and  61S  aluminum,  usually  in  the  T-4  condition.  The 
design  charts  are  based  on  the  uso  of  these  materials. 

74.  The  design  charts  for  steel  vessels  are  presented  as  Figure  5, 
those  foi  aluminum  vessels  a3^  Figure  6. 

75.  In  construction  of  the  design  charts,  yield  strengths  were 
taken  as  60,000  psi  and  71,000  psi  ss  typical  values  for  the 
steel  (14).:  and  aluminum  (IS)  respectively, 

76.  Structures  under  combined  stress,  such  as  the  vessels  under 
consideration,  display  an  increased  yield  strength  over  that  in 
simple  stress,  as  predicted  by  the  distortion-energy  theory. 

This  increase  is  of  the  same  order  of  magnitude  as  the  difference 
between  the  yield  point  and  the  elastic  limit  for  the  materials 
considered.  Since  the  yield  strengths  used  in  construction  of 
the  charts  are  those  in  simple  compression,  it  was  felt  that,  so 
long  as  the  maximum  stress  under  combined'  loading  was  limited  to 
these  values,  linearity  of  the  stress -strain  curve  would  be  main¬ 
tained.  Hence,  the  values  for  elastic  modulus  used  in  chart  con¬ 
struction  were  Young’s  modulus,  30  x  106  psi  and  10  x  106  psi  for 
the  steel  and  aluminum  respectively. 

77.  Since  the  design  charts  take  into  account,  out-of-roundness , 
the  primary  motivation  for  application  of  a  design  factor,  they 
are,  of  course,  based  on  1  "safety"  factor  of  unity,  ,The  opera¬ 
ting  depths  indicated  are  the  critical  depths  for  a  vessel  of 
geometry  defined  by  a  point  on- a  curve.  Conversely,  for  any  • 
specified  operating  depth,  a  point  on  a  curve  defines  the  maximum 
allowable  L/D  and  **7  D  and  the  minimum  allowable  t/b  , 

IV.  A  DESIGN  PROBLEM 

76.  The  following  la  a  review  of  an  actual  design  problem 
adjunctive  to  the  general  development  program  of  en  undersea 
weapon  at  the  U,  S'.  Naval  Ordnance  Laboratory. 


UA'VOFD  Report  7.900 
A.  Statement  of  Problem 

79.  An  underwater  weapon  case,  whose  tactical  use  reqiires 
.that  it  be  airborne  and  therefore  of  mini  num  wei  *-t  and  limite*  i 
outer  diameter  and  length,  is  to  be  designed.  T^e  followin'  is 
specified: 

a.  Geometry.  The  case  is  to  consist  of  a  cylindrical 
mid-section  whose  outer  diameter  must  not  exceed  31.5  inches 
and.  whose  length*,  free  of  any  protrusions  on  the  inner  surface 
due  to  the  nature  of  internal  components-,  shall  be  equal  to  one 
diameter.  Attached  to  the  mid-section  on  one  end  will  be  an 
ogival  forward  section  of  approximately  the  same  length  and 
whose  wall  thickness-  is  permitted  to  be  equal  to  that  of  t^e. 
mid-section.,-  At  the  other  end  of  the  mid-section,  closure 
shall  he  effected  by  means  of  a  hemispherical  bulkhead. 

b.  Operating;  Depth,  it  is  desired  to  investigate  d^gns  for 
operation  at  both  9500  and  3000  feet  of  sea  water. 

c.  Materials .  In  the  interest  of  possible  freight  savin?, 
aluminum,  in  addition  to  steel,  is  to  be  investigate*  as  a  materia] 
for  construction. 

*  r  ' 

d.  Fabrication.  Since  the  weapon  case  shell  he  the  carrying 
vehicle  f6r  cdsciy  Internal  components,  as  near  perfect  c,  shell 
as  possible  will  be  the  goal,  with  100  percent  inspection  to 
follow. 


B.  Execution  of  Design 

80.  a.  Mid-section.  The  restriction  tuat  the  inner  surface 
of  the  shell  bo  " clean"  mear.s  that  no  reinforcing  rings  may 
be  used  within  the  midsection  and  therefore  the  unsupported 
length  equals  the  outer  diameter: 

L  *  D  l*  31.5  inches.;-.  <L^D  *  1 

Consideration  of  manufacturing. techniques  and  discussions  with 
fabricators  of  precision  vessels  established  the  fact  that,  for 
diameters  of  this  order  of  magnitude,  concentricity  can  ba  main¬ 
tained  tci0.015  Inch  on  the  diameter,  The  worst  possible  oaae 
of  outr-of-roundness  will  be  that  within  the  appropriate  arc:  length 
•pacified  by  ^Figure  4,  both  the  high  arid  low  sides  of  the  tolerane* 
will  be  encountered  and  therefore: 

m  z  0.015  inch;  *  0.000476 
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"sing  the  appropriate  design  .harts,  the  follow  Inc  may  now  bn 
obtained  for  the  defined  val>.-o  of  L/D  and 


steel  at  5500 »: 
steel  at  3000 1 : 
aluminum  at  ?500 1 : 
aluminum  at  3000': 


t/D  *  0  01 0*3 • 
;./D  =  0\  01  »eo ) 
t/D  =  0.05811; 
t/D  =  0.03357; 


t  *  0.388  in. 
t  s  0.435  in. 
t  -  0.886  In. 
t  *  1.048  in. 


The  ratio  of  weight  of  the  aluminum  shell  to  weight  of  the  steel 
shell  will  be  in  diicct  proportion,  to  the  product  of  wall  thiokne3S 
and  material  density.  Using  0-.1  ib*/cu.in.  as  the  density  of 
aluminum  and  0.^84  lb./cu.in.  as-  that  of  steel  it  is  found: 


wt.  of  aluminum  mid-section  at  2500*  =  0.80 
wt.  of  steel  midfiection 

wt.  of  aluminum  mid-section  3000r  -  0  85 

wt,  of  steel  mid-section 

It  may  be  noted  that  for  the  same  increase  in  operating  depth 
a  greater  percentage  increase  in  wall  thickness  (and  therefore 
weight)  is  required  for  the  aluminum  than  for  the  ateel  vessel, 

b ■*  Forward  Section,  Since  the  ogival  forward  section  will 
be  of  the same wall  thickness  as  the'  mid-section  and  of  the  same 
unsupported  length,  it  will  be  superior  in  strength  to  the  mid¬ 
section  because  of  its  double -eurvature.  No  calculation  is 
necessary, 

c*  Bulkhead,  The  bulkhead  is  to  be  made  of  the  same  material 
cs  the  remainder  " sf  the  vessel.  It  is  probable  that  holes  will  be 
cut  in  it  at  sometime  for  insertion  of  components.  It  Is  desirable, 
therefore,  that  the  blank  be  considered  in  the  light  of  this 
eventuality.  The  effect  of  holes  will  be  to  act  aa  stress-raisers. 
Using  equation  (lb)  and  applying  a  stress-concentration  factor  of 
1,5  as  reported  in  reference  (16)  It  may  be  found  that; 

steel  bulkhead  at  2500 fj  t  »  0.550  in. 

steel  bulkhead  at  3000’ :  t  «  0.563  in. 

aluminum  bulkhead  at  5500‘ ;  t  -  0.657  in. 

aluminum  bulkhead  at  3000* :  t  s  0,750  in. 

^o?hec!'  for  3tabi:i3’ty  of  the  bulkhead  may  be  made  using  equation 
i or  the  steel  bulkhead  of  0,550  Inch  thiokness  it  is  found 

that: 


b  ■  1829  psi. 
or 
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This  is  considerably  "roster  than  the  corresoondinr  pressure 
at  either  the  ^500*  depth  or  at  7-000 1 .  The  latter  case,  there¬ 
fore,  need  not  be  chocked.  Similarly,  for  the  aluminum  hulkve«- 
it  is  found  that  the  minimum  critical  pressure  is: 

P  =  495*  p3 i . 
cr 


It.  may  be  concluded  that  here,  too,  both  bulkhead  designs  are 
qui-tp  safe  in  stability. 


d.  Reinforcing  Ring.  The  flanging  used  to  connect  the 
forward  section  to^the  midsection  will  have  to  act  as  a  relnfor'T'ng 
ring  for.  the  latter,,  since  the  mid-section  was  designed  on  the 
basis  that  one  end  of  its  unsupported  length  col- -Ides  with  the 
juncture  of  the  two  pieces.  Equation  (?Cy  may  be  used  to  specify 
the,  minimum  momex.t  of  inertia  required  for  this  flanging: 


Steel  at  2500': 
Steel  at  3000*: 
Aluminum  at  £500’: 
Aluminum  at  3000*: 


Ir  =  1.231  in4. 
Ir  :  1.447  in4 
Ir  =  2.343  in?. 
Ir  *  1.969  in*. 


Unlike  the  steel,  hull,  the  aluminum  hull  requires  flanging  of 
lesser  moment  of  inertia  at  3000  feet  than  at  ?500  feet.  This 
is  due  to  the  increased  shell  rigidity  provided  by  the  greater 
percentage  increase  in  wall  thickness  required  st  the  lower 
depth  irs  aluminum  over  steel  (as  previously  noted).  The  thickness 
to  diameter  ratio  appears  to  the  cube  power  as  a  subtractive  terra 
in  equation  (-20)-., 

e.  Number  of  Lobes.  The  number  of  lobes  to  be  expected  at: 
collapse  is  determined  from  Figure  1: 

for  steel  mid-section:  n  s  5 
for  aluminui.  mid-section:  n  =  4 


C.  Recapitulation 

81,.  For  the  following  fixed  conditions : 

1  -  31., 5  inches  for  the  mid-section 

Minimum  Sy  for  steel  s  60,000  psi 
Minimum  Sy  for  aluminum  *  21,000  psi 
Maximum  oufc-of-roundness  of  mid-section  s  +0.01,5  inch 
on  diameter. 
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*  ■ f.->l  losing  cu RrtUMpi 
cr*ratin*  terit.)  d*o th 
"■'ateri  al 

L/r 

max.  &  B/D 


3pin.  t/D 

a 
c 
e 
x. 

■H 


; min.  t  (in.) 

no.  of  lobes 

wt.  ratio:  al./atl, 

bulkhead:  min.  t  (in.) 

ring:  min.  I  (in.4) 
r 


have  been  defined: 


2500 *  1 

3000 » 

■m 

Alum. 

Steel  |  Alum. 

■m 

1 

0.000476 

0.000476 

0.012.33 

0.09811 

0.01380 

0.03327 

0.388 

0.880 

0.435 

1.048 

5 

4 

5 

4 

0.60 

0.85 

0.220 

0.627 

0.263 

0.750 

1.231 

2.343 

1.447 

1.969 

D.  Inspection 

89.  No  matter  how  tight  the  tolerances,  how  thorough  the  control 
of  material,  and  now  precise  the  manufacturing  process,  a  design 
in  terms  of  hardware  is  very  often  not  a  reflection  of  what  ap¬ 
peared  on  the  drafting  board.  However,  inspection  and  evaluation 
may  prove  that  many  of  the  anomalies  acquired  during  fabrication 
arc  tolerable.  Some  may  even  cancel  each  other  in  effect. 

83*  The  latter  can  well  be  the  caae  for  pressure  vessels  for  it 
has  been  seen  how  the  many  parameters  entering  into  their  behavior 
are  interrelated.  An  inspection  program  should  take  this  into 
account,  nnd,  to  better  do  so,  s  guide  establishing  limits  on 
quantities  that  may  vary  from  the  specified  w  uld  be  helpful. 

84.  The  above  can  best  be  illustrated  by  using  the  design 
example  just  presented.  For  the  weapon  oase  designed  the  following 
quantities  may  very  well  turn  out  to  be  other  than  as  soecified 
initially:  t/D,  £B/D,  and  S  .  (Any  variation  in  L/D  due  to  the 
usual  manufacturing  tolerances  will  prove  insignificant.) 

85.  k  chart  intended  for  the  inspection  of  the  mid-aection  of 
the  vessel  just  designed  has  been  prepared  and  i*  presented  as 
Figure  7.  It  shows  the  allowable  variation  of  aB/D  with  t/D 
for  various  values  of  steel  >leld  strength  at  each  of  the  opera> 
ting  depths  considered.  Any  number  of  fortuitous  combination* 
of  the  parameters  involved  will  yiolf'  a  vessel  that  meets  opera¬ 
tional  requirements.  The  inspector  may  measure  wall  thickness, 
check  ou t -of -round ness ,  convert  a  hardness  reading  to  yield 


20 


N/  Vr'Pr.>  Pepcrt  7900 


strength,  and  he  is  ready  fco  consult  t'  p  chart  after  ''ormins- 
the  proper  dimensionless  ratios.  It  will  re  recalle  :  :/  an 

he  is  measuring  out-cf-roundness  his  readings  svo  Id  e  c'.  nf  '"*-d 
to  the  proper  arc  lengths,  T'e  s-o  ild  cj  rrovided  wi  t  r-  cor  -  of 
Figure  4. 

86.  Figure  7  is  for  the  design  in  steel.  Heat  treatment  m* 
cold-working  that  occur  in  steel  fabrication  ’"'eke  p  <‘ic 
of  yield  strengths  possible  for  a  given  alloy.  AT  r.’n.ai  differs 
in  that  once  an  alloy  and  temoer  are  specified  the  yield  str*r  ’tl 
is  specified.  The  design  ir.  aluminum  was  based  on  jse  of  ?I'-?4 
and  the  yield  strength  is  therefore  fixed  at  °l,00O  p.a f> .  *h* 

remaining  variables  are  t/D  and  LTi/D,  The  design  charts  for 
aluminum  vessels  are  therefore  the  inspection  charts  as  well. 


NAVOPL  Report  3900 


Bibliography 


(1;  vor.Mises,  R.,  "Der  Kritische  Aussendruck  fur  Allsoits, 

belastete  Zylindrische  Rohre"  Stodola's  Festschrift,  Zurich, 
1999.  Translated  and  annotated  by  D.  F,  Windenburg,  Report 
No.  366,  U.  S.  Experimental  Model  Basin,  Washington,  D.  C., 

Aug  1933 

(?)  .Vindenburg,  D.  P.  and  C ,  Trilling,  "Collapse  by  Instability 
of  Thin  Cylindrical  Shells  Under  External  Pressure".  Trans. 
ACME.  Vol.  56,  1934 

(3)  Sturm,  R.  G.,  "A  Study  of  the  Collapsing  Px’oasure  of  Thin- 
iV ailed  Cylinders”,  U.  of  Illinois  Er.gr.  Exp,  Sta.  Bulletin 
No.  329 ,  Nov  1941 

(4)  Sturm,  R.  G.  and  O'Brien,  H.  L.,  "Computing  Strength  of 
Vessels  Subjected  to  External  Pressure" •  Trans.  ASME, 

Vol.  69,  No.  44,  May  1947 

(5)  Donnell,  L.  H.,  "Stability  of  Thin-Walled  Tubes  under  Torsion", 
NACA  Report  479,  1933 

(6)  ASME  Boiler  Code  on  External  Pressure  Vessels  and  Bulkheads 
Convex  to  Pressure,  1940,  1949,  1950 

(7)  Timoshenko,  S.,  "Theory  of  Elastic  Stability”,  McGraw-Hill 
Book  Co.,  Inc.,  1936 

(8)  Tsien,  Hsue-Shen,  "A  Theory  for  the  Buckling  of  Thin  Shells", 
California  Institute  of  Technology,  Aug  1942 

(9)  Bresse,  M. ,  "Cours  de  Mecanique  Applique",  Paris  1859 

(10)  Bryan,  G.  H,,  "Application  of  the  Energy  Test  to  the  Collapse 
of  a  Long  Thin  Pipe  Under  External  Pressure",  Cambridge  Phil, 
Soc-  Proc.,  Vol.  6,  1888 

(11)  Holt,  M.,  "A  Procedure  for  Determining  the  Allowable  Out-of- 
Roundness  for  Shells  Under  External  Pressure".  Trans.  ASME, 
Vol.  74,  No.  7,  Oct  1952 

(12)  Timoshenko,  S.,  "Strength  of  Materials",  D,  Van  Nostrand  Co., 
Inc.  New  York,  1950 

(13)  Christensen,  H.  D.,  "Strength  of  Cylindrical  Shells  Under 
Hydrostatic  Loading",  TM  No.  504,  NOTS,  Inyokern,  Fab  1951 


22 


NAVORD  Report  3900 


Bibliography  (Cont'd.) 


(14 )  Modern  Steels  and  Their  Properties.  Handbook  268-A 
(1952).  Bethlehem  Steel  Company. 

(15)  Alcoa  Structural  Handbook.  (1950)  Aluminum  Company  of* 
America. 

(16)  Tate,  M.  B»,  "Stress  Concentration  Around  Circular 
Inserts  in  Spherical  Shells,  NAVORD  Report.  Moj  1561, 

Mar  1951 

(17 )  Anderson,  C.  D..,  "Preliminary  Hull  Design  Data  for 
*  Submarines"  BuShipa  Rep.  No.  121  Aug  1951 

(18.)  von  Sanden,  K,  and  Gunther,  K.,  "The  Strength  of  Cylindrical 
Shells,  Stiffened  by  Frames  and  Bulkheads,  under  Uniform 
External  Pressure  on  all  Sides"  DTMB  Trans.  No.  38,  Mar  1952 

(19)  Terrell,  0.  D. ,  "The  Structural  Problem  of  Hydrostatic 

Loading  for  Deep  Running  Missiles"  TM  508-^5  NOTS  (Inyokem) 
June  1950 

(9Q\  Windenburg,  D.  F#,  "Master  Charts  for  the  Des5.gn  of  Vessel# 

Under  External  Pressure"  Trans.  ASME  Vol.  69'  No.  44,  May  1947 

(21)  Hartman,  F,  V.,  "Unfired  Cylindrical  Vessels  Subjected  to 
External  Pressure"  Trains.  ASME  Vol.  69  No,  44  May  1947 

(22)  Bergman,  E.  0..  "Tile  Newr-Type  Code  Chart  for  the  Design  of 
Vessels,  under  External  Pressure"  Trans,  ASME  Vol,  72, 

Oct  1952 

(23)  Ne%.  J.  C.,  "A  Nondestructive  Method  for  Detecting  the 
Incipient  Buckling  Pleasure*  of  Thin-W«i  led  Sheila" 

NOL  Report  1154,  May  1951 


NAVORO  REPORT  3900 


n  »  1?  «.L 


is 


till 


ill 


Pcr  =  K  E  (t/D)3 

?cr 

Collapsing  Pressure 

K 

Coefficient  Depending 

on  L/R  and  D/t  Given 

by  Curves 

E 

Modulus  of  Elasticity 

t 

Thickness  of  Shell 

D 

Outside  Diameter  of 

Cylinder 

T  lIMlilBililWiH 

niiE^nraEiii! 


Kficw 


4-  6  8  10  20 

Values  of  ~/R 


40  60  100  200 
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VARIATION  OK  PAHAiITTI'K  0  IN  OUT-OF-ROUND  VI-.!  i’l  L  EQUATION  V  ITH  t/D 


Ratio  =  Diameter/Thickness,  D/t 
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Ratio  *  Lanfth/Diamotar,  L/D 

FIG.  4  CHART  FOR  DETERMINING  ARC  LENGTH  OR  CHORD  LPMr.TM 
OVER  WHICH  ODT-OF-ROUTONESS  IS  TO  ffi 


thlckness/nominal  outer  diameter 


NAVORD  RETORT  3900 


500  ft.  depth  (223  psl) 


0.013: 


_ 1000  ft-,. depth  (U5  psl ) 
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0.007“-- 


0.005^— 


1 — • — r* 


0.015: 


1500  ft.  depth  (663  psl) 


16  16  2 

max.  -  min,  outer  rad./nom.  outer’ dia,,  AR/D  x  101* 

FIG.  5  DITTOS  CHARTS.  CYLINDRICAL  VJ.SSF.L0  OF  KNOWN  OUT- 
OF-HOUNDNKSS  SUB-fECTED  TO  SPECIFIED  DKl’THS  OF 
SKA -WATER  ON  SIDES  ANI)  ENDS  WITH  EDGES  5LIPLY  , 
SUPPORTED. .  BASED  ON  USE  OF  STEEL:  E  »  30  x  106  PS I 
S  *  60,000  PS  I.  '  J  y 
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,11  thlckness/ncmlnal  outer  dJ  *neter,  t/D 
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TIG.  5  CONCOUDRD. 


wall  thickness/  ruminal  outer  diameter,  t/D 


NAVORD  REPORT  3900 


:  •  .  i-  *  *.i  u 


O.^lc* 


O.O'f.- 


r  .-on' 


0  .  r'<  •(' 


0.C20 


0.018 


\f\t .  ■  A  *  r" 


0.01  A 


C.C1A 


0.010 


tssammmmm 

ssasaainn .  , 

iHBHflHSSSSBBSSSSSS 
SiSSSESSBS&SBSSSSSBBS 


1*)'00  ft.,  depth  (668  psi) 


0.02; 


iSSmsmSzsrnmmmmm 

iaesa«ra«MBBi 


nnx.  -  min.  outer  rad. /non.  outer  uin.,  AH/D  x  10^ 
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•HOUfR'-rOISL  UUBJr.CTPD  TO  SPKCIPIHD  BP.PTHS  OP  SV.A^ATPJtV1 
ON  v'aDi.S  A.’fD  KHDS  V  ITH  liDGlvS  SIUPL.Y  SUPPORTS.  fe'D 
ON  WIY  OP  ALUai.’fUU:  F  -  10  x  10&  Pill,,  Cv  .  21.000/?$  I 


wall  thickness/noralnal  outer  diameter,  t/1) 


NAVORD  REPORT  3900 


2000  ft,  depth  (890  psi) 
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FIG.  6  CONCLUDED 


Out -of -Bounciness  Ratio 
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Ratio  «  thicknea»/dia**tar,  t/D 


FIG.  7  MINIMUM  REQUIRED  V.'ALL  THICKNESS  AND  MAXIMUM 
ALLOWABLE  OUT-OF-ROUNDNV.SS  FOR  CYLINDRICAL 
VESSEL  MADE  OF  STEEL  OF  VARYING  YIELD  STRENGTH, 

L/D  -  1,  SUBJECTED  TO  2500  AND  3000  FF.ET  OF 
SKA-WATER  ON  SIDF.S  AND  ENDS,  EDGES,  SIMPLY  SUPPORTED* 
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